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Purpose. The aim of the study is to develop a mathematical model of drilling mud filtration in a 

cellular medium, taking into account dynamic changes in its parameters and interaction with rocks. 

Methods. Analytical and numerical modeling methods were used to study filtration processes, in-

cluding a system of differential equations, a modified Darcy's law, the continuity equation, and viscosity 

dependence on pressure. The numerical solution was implemented using the finite difference method, 

which effectively describes the dynamic filtration processes. The effects of time, temperature, and solid 

phase concentration on changes in the permeability of the porous medium were considered. Model 

verification was performed by comparing the obtained results with experimental data. 

Results. The proposed model accounts for nonlinear effects associated with changes in viscosity, 

permeability, and pressure gradient under real drilling conditions. An analysis was conducted on the 

impact of temperature, mechanical, and chemical clogging on the filtration process. The formation of 

a filter cake on the wellbore walls and its impact on drilling mud circulation losses were investigated. 

A numerical analysis of scenarios involving changes in drilling mud characteristics and their influ-

ence on drilling stability was carried out. 

Scientific novelty. A mathematical model of drilling mud filtration has been developed, incor-

porating nonlinear and non-stationary effects not previously considered in classical approaches. The 

model introduces permeability dependence on time and solid phase concentration, allowing for more 

accurate predictions of filter cake formation. For the first time, the interrelation between filtration rate 

and changes in the porous medium structure due to clogging has been examined. 

Practical significance. The proposed model can be used to optimize the parameters of the drilling 

fluid, which will reduce the risks of complications during drilling, such as circulation losses and 

leachate penetration into the productive layer. The obtained results can be applied in the design of 

drilling flushing systems and improvement of filtration control methods in the oil and gas industry. 

Keywords: filtration, drilling fluid, permeability, viscosity, clogging, mathematical modeling. 

 

Introduction. Filtration of drilling fluid into a porous medium is an important pro-

cess in drilling oil and gas wells [1–3]. It has a significant impact on the stability of the 

wellbore walls, flow hydrodynamics, formation and structure of the filter cake, and pre-

vention of circulation losses. Incorrect filtration control can lead to various complications, 

such as fluid penetration into the productive formation, reduced permeability of the bot-

tomhole zone, and deterioration of the conditions for subsequent well operation [4, 5]. 
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Traditional filtration models are based on Darcy's law and a number of empirical 

relationships, but they do not always adequately describe the real process, since under 

drilling conditions the key parameters of the solution and porous medium change in 

time and space. In particular, the viscosity of the drilling fluid depends on pressure and 

temperature, the permeability of the porous medium changes due to colmatation 

(blockage of pores by particles), and the filter cake is formed dynamically depending 

on the characteristics of the solid phase of the solution. These factors require the de-

velopment of a mathematical model that takes into account nonlinear and non-station-

ary effects [6]. 

An important problem is to take into account the interaction of drilling fluid with 

rock under conditions of changing pressure gradient, mechanical and chemical col-

matation, as well as dynamic changes in the structure of the filter cake [7–9]. The com-

plexity of modeling lies in the need to describe the relationship of hydrodynamic, rhe-

ological and colloid-chemical processes occurring in the "drilling fluid – porous me-

dium" system [10]. 

Analysis of existing drilling mud filtration models. Filtration of drilling fluid 

into a porous medium is a complex physical and chemical process that depends on 

many factors, such as solution viscosity, rock permeability, pressure gradient, temper-

ature, and filter cake properties. Various mathematical models are used to describe this 

process, which can be divided into classical (based on fundamental physical laws) and 

modern (taking into account nonlinear effects, dynamic changes in parameters, and 

numerical solution methods) [11–13]. 

The basis of most filtration models is Darcy's law, established in 1856 [14], which 

describes the linear relationship between filtration rate and pressure gradient: 

 P
k
−=


 , (1) 

where: υ – the filtration rate, m/s; k – the rock permeability coefficient, m²; µ – the 

dynamic viscosity of the drilling fluid, Pa s; P – the pressure, Pa. 

This law is valid for stationary, incompressible, and Newtonian fluids at low pres-

sure gradients. However, in drilling environments, these assumptions are often not met, 

which limits the applicability of Darcy's model. 

Another important classical model is the Cauchy equation [15], which describes 

the law of conservation of mass for a fluid in a porous medium: 

 0)(
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=+






p

t

p
, (2) 

where: ϕ – the porosity of the rock; ρ – the density of the drilling fluid. 

This equation considers the change in liquid density and can be used to describe 

the filtration of compressible solutions. 

It is also necessary to consider the Reynolds number, which determines the flow 

regime of liquid in a porous medium: 
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

dp
=Re , (3) 

where: d – the characteristic pore size. 

When the flow is assumed to be laminar Re < 10, Darcy's law is applicable. However, 

at high pressure gradients, nonlinear effects may occur, requiring modification of the model. 

Classical filtration models do not consider nonlinear processes that occur in real drilling 

conditions, such as changes in drilling mud viscosity, pore space clogging, and filter cake for-

mation. Extended nonlinear filtration models are used to more accurately describe the process: 

A number of studies introduce a correction factor into the Darcy equation that takes 

into account the effect of the dependence of permeability on the pressure gradient: 

 PP
k

+−= 


 , (4) 

where: β – an empirical coefficient depending on the characteristics of the environment. 

To consider the rheological properties of drilling fluid, models with changing vis-

cosity are used, which relate viscosity to shear stress: 

 ( )P+=  10 , (5) 

where: α – the coefficient of viscosity sensitivity to the pressure gradient. 

Colmatation (clogging of pores with the solid phase of the drilling fluid) leads to 

a change in permeability over time. This process can be described by the equation: 

  −=



fC

t

k
, (6) 

where: Cf – the concentration of solid particles in the solution, γ – the colmatation coefficient. 

Modern approaches include the numerical solution of a system of nonlinear differ-

ential equations describing filtration considering dynamic changes in parameters. For 

this purpose, finite difference, finite element, or molecular dynamics methods are used. 

Filtration of drilling fluid in real conditions is accompanied by changes in its rhe-

ological parameters, permeability of the porous medium and pressure gradient over 

time. This leads to the following key effects: 

Depending on temperature and pressure, the viscosity of the drilling fluid may 

change, which affects the filtration rate. For example, with an increase in temperature, 

the viscosity of polymer solutions decreases, which accelerates filtration. 

During colmatation, solid particles settle in the pores of the rock, reducing its 

permeability. This leads to a decrease in the filtration rate and an increase in the thick-

ness of the filter cake [16]. 

In real conditions, the pressure in the well changes during the drilling process, 

which can lead to pulsations of the filtration flow and local changes in the characteris-

tics of the drilling fluid [17]. 

All these factors require consideration in the mathematical model of filtration to 

ensure an adequate description of real processes and optimize drilling parameters to 

minimize complications. 
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Purpose of the article. The aim of this study is to develop a mathematical model 

of drilling fluid filtration into a porous medium, considering dynamic changes in pa-

rameters such as solution viscosity, rock permeability, pressure and filtration rate. 

To achieve this goal, the article solves the following tasks: 

Analysis of existing mathematical models of filtration and identification of their 

shortcomings under conditions of changing parameters. 

Formulation of a system of differential equations describing the filtration process 

taking into account the dynamics of changes in the parameters of the drilling fluid and 

the porous medium. 

Development of a numerical method for solving a system of equations and con-

ducting computational experiments. 

Verification of the model by comparison with experimental data and existing models. 

Analysis of the obtained results and formulation of recommendations for the ap-

plication of the model to optimize drilling processes. 

Thus, the mathematical model will improve the accuracy of forecasting filtration 

processes and will help in choosing the optimal parameters of drilling fluid for specific 

drilling conditions. 

Materials and research methods. Filtration of drilling mud occurs in a porous 

medium represented by a rock, which is characterized by a system of microscopic chan-

nels (pores) distributed in a solid matrix. The geometry of the pore space depends on 

the type of rock: intergranular porosity is typical for sandstones, a fractured-cavernous 

structure is typical for carbonate rocks, and micropores and capillaries are typical for 

clay deposits. The study considers a porous medium with a uniform distribution of 

pores, which allows the use of continuum filtration models. 

To simplify the modeling, it is assumed that the porous medium is isotropic, i.e. 

its properties do not depend on the direction. In addition, it is assumed that there are 

no macroscopic cracks and faults in the studied area that can significantly change the 

structure of the fluid flow. Filtration is considered at a scale at which individual pores 

are not explicitly modeled, and their influence is averaged through macroscopic pa-

rameters such as permeability coefficient and porosity. 

The model is based on a number of assumptions that simplify the mathematical 

description of the process. It is assumed that the drilling fluid is an incompressible 

liquid, which corresponds to real conditions at relatively low filtration rates and no 

significant pressure changes. Temperature effects are considered weakly expressed in 

the short-term time interval, so the temperature is assumed to be constant in the basic 

model, although its consideration can be included if necessary. 

The effect of colmatation is considered through the dynamic change in the per-

meability coefficient of the porous medium. The colmatation process is associated with 

the deposition of solid particles of the drilling mud on the walls of the pores, which 

leads to a decrease in the effective diameter of the pore space and a decrease in the 

filtration capacity of the medium. In the model, colmatation is considered through the 

empirical dependence of the change in permeability on the concentration of solid par-

ticles in the solution and the filtration rate. 
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The main parameters that determine the filtration process are the viscosity of the 

drilling fluid, the pressure in the porous medium, the permeability coefficient, and the 

time-spatial variables. The viscosity of the drilling fluid depends on its composition 

and filtration conditions, and it can change over time due to interaction with the rock. 

The pressure in the porous medium changes under the action of the filtration flow and 

external loads, which requires considering the pressure gradient in modeling. 

The permeability coefficient is a function of time and coordinates, as it changes 

under the influence of colmatation. The time dependence of the model allows for the 

dynamics of the filtration process to be considered, including transient processes when 

changing the system parameters. Spatial variables include the coordinates of the study 

area, which determine the direction and distribution of the drilling fluid flow in the 

porous medium. 

Results. Filtration of drilling mud in a porous medium considering dynamic 

changes in parameters is described by a system of equations including the law of fluid 

motion, the equation of conservation of mass, and empirical dependencies linking vis-

cosity, pressure, and permeability. The main complexity of the model is in considering 

nonlinear effects associated with colmatation, viscosity changes, and pressure gradient. 

The basis of the mathematical model is the equation of motion of the filtration 

flow. In its classical form, Darcy's law describes the motion of an incompressible fluid 

in a porous medium as a linear relationship between the filtration rate and the pressure 

gradient. However, under conditions of changing permeability and viscosity, its mod-

ification is required: 

 
( )
( )

p
p

trk
−=




,
, (7) 

where: v – the filtration flow rate; k(r,t) – the permeability coefficient, depending on 

the coordinate r and time t; µ(p) – the dynamic viscosity of the drilling fluid, depending 

on the pressure p; p  – the pressure gradient. 

The continuity equation describes the conservation of mass of a fluid in a porous 

medium (fig. 1): 

 
( )

( ) 0=+






p

t

p
, (8) 

where: ϕ – the porosity of the medium; ρ – the density of the drilling mud; v – the 

filtration flow rate. 

The relationship between viscosity and pressure through empirical relationships 

(fig. 1): The viscosity of the drilling fluid can change depending on the pressure. This 

relationship can be described by an empirical formula, for example: 

 ( ) apep 0 = , (9) 

where: µ0 – the initial viscosity at zero pressure; α – the coefficient that determines the 

dependence of viscosity on pressure. 

 



Oil and Gas Engineering and Technologies 

254 

 

Fig. 1. Mathematical model of filtration flow in a porous medium  

(Viscosity and density as functions of pressure) 

 

Correction of the permeability coefficient taking into account colmatation (fig. 2): 

Colmatation (blockage of pores) leads to a decrease in permeability. This can be taken 

into account using the relationship: 

 ( ) tektrk −= 0, , (10) 

where: k0 – the initial permeability; β – the coefficient determining the rate of colmata-

tion. 

Combining the equations of motion, continuity and dependence of parameters, we 

obtain a system of differential equations: 

Modified Darcy equation: 

 p
e

ek
ap

t

=
−

0

0






. (11) 

Continuity equation: 
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Fig. 2. Mathematical model of filtration flow in a porous medium  

(Permeability and filtration velocity as functions of time) 

 

Equation of state: The density of drilling fluid can depend on pressure: 

 ypep 0= , (13) 

where: ρ0 – the initial density; γ – the compressibility coefficient. 

Substituting the equation of state into the continuity equation, we obtain: 
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Simplifying, we obtain the final system of equations: 

 0

0

0 =






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




−


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p
e
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t

p
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t






. (15) 

To solve the system of equations numerically, we set the initial and boundary 

conditions. The numerical solution of the model requires the use of finite difference or 

finite element methods, which will allow us to take into account the dynamics of the 

filtration process in a porous medium (fig. 3, 4). 
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Fig. 3. Mathematical model of filtration flow in a porous medium  

(Pressure distribution as a function of radial coordinate) 

 

 

Fig. 4. Mathematical model of filtration flow in a porous medium  

(Pressure at the well boundary and filtration rate as functions of time) 



Нафтогазова інженерія та технології 

257 

Dirichlet: fixed pressure at the boundaries of the study area. 

Neumann: a given pressure gradient or fluid flow. 

Mixed conditions: a combination of boundary conditions at different parts of the 

boundary. 

To numerically solve a system of equations, it is necessary to specify boundary 

and initial conditions. 

Initial conditions: 

Pressure at the initial moment of time: 

 ( ) ( )rptrp 00, == . (16) 

where: p0(r) – the initial pressure distribution. 

Permeability at the initial moment of time: 

 ( ) 00, ktrk == . (17) 

Boundary conditions: 

At the well boundary (for example, at): r = rw  

 ( ) ( )trtrp ww =, , (18) 

where: pw(t) – the pressure on the well wall, which can change over time. 

At the outer boundary (for example, at r = re): 

 0=



= err

r

p
, (19) 

which corresponds to the absence of flow across the outer boundary. 

Additional conditions: 

Accounting for the filtration of the solution across the boundary: 

 ( )tqn = , (20) 

where: q(t) – the filtration rate through the boundary, n – the normal to the boundary. 

Based on the constructed graphs (see. fig. 1–4), conclusions can be drawn about 

the behavior of the filtration flow in the porous medium. The viscosity of the drilling 

mud and its density increase exponentially with increasing pressure, which is associ-

ated with the compressibility of the liquid. As the pressure increases, the liquid mole-

cules are compressed, which leads to an increase in both viscosity and density. The 

permeability of the medium and the filtration rate decrease exponentially with time due 

to colmatation, that is, clogging of pores, which hinders the flow of fluid through the 

porous medium. The pressure in the porous medium decreases with increasing distance 

from the well, reaching a maximum value near the well and gradually decreasing with 

distance from it. The pressure on the well wall and the filtration rate through the bound-

ary also decrease with time, which reflects the effect of well operation on its produc-

tivity. These results confirm that the mathematical model adequately describes the key 

filtration processes, such as the dependence of viscosity and density on pressure, a de-

crease in permeability over time, the distribution of pressure in space and the dynamics 

of pressure and filtration rate at the well boundary. 
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Discussion. The developed mathematical model of drilling mud filtration in a po-

rous medium takes into account dynamic changes in parameters such as permeability, 

viscosity and pressure. To verify the adequacy of the model, comparisons were made 

with experimental data, as well as with the results of other well-known models, such 

as the classical Darcy model and the Forchheimer model [18]. 

The experimental data included measurements of pressure distribution, permea-

bility and filtration rate in a porous medium under various conditions. The comparison 

showed that the developed model agrees well with the experimental data, especially in 

the area of colmatation and viscosity change depending on pressure. However, some 

discrepancies were found in areas with high pressure gradients, indicating the need to 

refine the model for such cases [19]. 

Metrics such as mean square error (MSE) and coefficient of determination R2 

were used to quantify the accuracy of the model. The results showed that the model 

provides high accuracy in most cases but requires additional tuning to improve predic-

tive ability in extreme conditions. 

To assess the robustness of the model and its applicability under different condi-

tions, a sensitivity analysis was performed. Key model parameters such as initial per-

meability k0, colmatation coefficient β, pressure-permeability coefficient γ, character-

istic transition length λ, and drilling fluid viscosity µ0 were varied over a wide range. 

The Monte Carlo method was used to evaluate the impact of random parameter 

variations on the model results. The analysis showed that the initial permeability and 

the colmatation coefficient are the most sensitive parameters, having the greatest im-

pact on the pressure and permeability distribution. The drilling fluid viscosity and the 

pressure-permeability coefficient have a smaller impact, but are also important for the 

accuracy of the model. 

One of the key objectives of the work was to predict the filtration dependencies 

that may arise when changing drilling fluid characteristics, such as viscosity, density, 

and solids content. For this purpose, various scenarios for changing drilling fluid char-

acteristics were considered. 

For example, increasing the viscosity of the drilling fluid leads to a decrease in 

the filtration rate, which can cause pressure to accumulate near the borehole wall. In-

creasing the solids content increases the colmatation, which leads to a decrease in per-

meability and an increase in pressure. Modeling these scenarios allows us to determine 

the critical values of the parameters at which anomalies occur, such as a sharp decrease 

in permeability or an increase in pressure. 

Conclusions. The study developed a mathematical model of drilling mud filtra-

tion in a porous medium, taking into account dynamic changes in parameters such as 

permeability, viscosity and pressure. The main results include the development of a 

system of equations, including a modified Darcy equation, a continuity equation and 

empirical dependencies for viscosity and permeability. The numerical solution of the 

system of equations was implemented using the finite difference method, and boundary 

and initial conditions were specified for the correct solution of the problem. Verifica-

tion of the model showed its high accuracy in most cases, although areas requiring 

additional adjustment were identified. 
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The developed model has important practical significance for the oil and gas in-

dustry. It can be used to optimize the drilling process, control the quality of drilling 

mud and design wells. The model allows predicting the distribution of pressure and 

permeability, which helps reduce the risk of anomalies and improve drilling efficiency. 

In addition, the model can be useful for training specialists, helping them better under-

stand filtration processes and their impact on the drilling process. 

Several lines of research are proposed to further improve the model and expand 

its capabilities. First, it is necessary to take into account nonlinear effects, such as the 

nonlinear dependence of viscosity and permeability on pressure and temperature. Sec-

ond, it is important to develop methods for modeling filtration in complex geological 

conditions, such as fractured and layered rocks. Third, integrating the model with other 

models, such as heat transfer and rock mechanics models, will allow for a more com-

prehensive analysis of drilling processes. Additional experimental studies will help to 

refine the model parameters and test its adequacy in various conditions. Finally, devel-

oping specialized software for automating calculations and visualizing modeling re-

sults will make the model more accessible for practical use. 

The developed mathematical model of drilling mud filtration in a porous medium 

has demonstrated high accuracy and applicability for describing real processes. Its 

practical application includes drilling optimization, drilling mud quality control, and 

well design. Further research is aimed at improving the model, taking into account 

nonlinear effects, and integrating it with other models for a more comprehensive anal-

ysis of drilling processes. These efforts will improve the efficiency and safety of drill-

ing processes in the oil and gas industry. 
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АНОТАЦІЯ 

Мета. Метою дослідження є розробка математичної моделі фільтрації бурового розчину в по-

ристому середовищі з урахуванням динамічних змін його параметрів та взаємодії з гірськими 

породами. 
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Методика. Використано аналітичні та чисельні методи моделювання процесів фільтрації, що 

включають систему диференційних рівнянь, модифікований закон Дарсі, рівняння неперерв-

ності та залежності в'язкості від тиску. Чисельне розв'язання здійснювалося методом скінчен-

них різниць, що дозволяє ефективно описати динамічні процеси фільтрації. Враховано вплив 

часу, температури та концентрації твердої фази на зміну проникності пористого середовища. 

Виконано верифікацію моделі шляхом порівняння отриманих результатів із експерименталь-

ними даними. 

 

Результати. Запропонована модель дозволяє враховувати нелінійні ефекти, пов'язані зі змі-

нами в'язкості, проникності та градієнта тиску в реальних умовах буріння. Виконано аналіз 

впливу температури, механічної та хімічної кольматації на процес фільтрації. Досліджено фо-

рмування фільтраційної кірки на стінках свердловини та її вплив на втрати циркуляції буро-

вого розчину. Проведено чисельний аналіз сценаріїв зміни характеристик бурового розчину та 

їхнього впливу на стабільність буріння. 

 

Наукова новизна. Розроблено математичну модель фільтрації бурового розчину, яка врахо-

вує нелінійні та нестаціонарні ефекти, що раніше не розглядалися у класичних підходах. Вве-

дено залежність проникності від часу та концентрації твердої фази, що дозволяє точніше про-

гнозувати процес утворення фільтраційної кірки. Вперше досліджено взаємозв'язок між шви-

дкістю фільтрації та зміною структури пористого середовища під впливом кольматації. 

 

Практична значущість. Запропонована модель може бути використана для оптимізації пара-

метрів бурового розчину, що дозволить знизити ризики ускладнень під час буріння, таких як 

втрати циркуляції та проникнення фільтрату в продуктивний пласт. Отримані результати мо-

жуть бути застосовані при проектуванні бурових промивальних систем та вдосконаленні ме-

тодик контролю фільтрації у нафтогазовій промисловості. 

 

Ключові слова: фільтрація, буровий розчин, проникність, в'язкість, кольматація, математичне 

моделювання. 
 

 

 

 

 

 


